(G/Γ;χ) be the orthogonal complement of L^i s (G/Γ;χ) in L 2 {G/T\χ) and let Lg^ be the corresponding representation-then most attacks on the Selberg trace formula begin by expressing the integral kernel of Lg^(α) (a E C£°(G)) in terms of Eisenstein series. However, a certain assumption (cf. p. 16 of [L2] and p. 62 of [OW1] ) needs to be satisfied by the pair (G, Γ) in order for a satisfactory theory of Eisenstein series to exist. The purpose of this note is to compute the Selberg trace formula for pairs (G, Γ) without Eisenstein series; i.e. that do not satisfy the assumption supra.
In order to accomplish this a trace formula needs to be given for L^G/Γ χ), when χφ\. This has been done in the case G = SL 2 (R) by Venkov (cf. [VI] ). Moore has also done preliminary work for the real rank one situation (cf. [Ml] ). For the general case, Eisenstein series need to be defined with respect to χ and a spectral decomposition following Langlands needs to be given. This was accomplished by the author in his thesis (cf. [Rl] ).
When (G,Γ) does not possess Eisenstein series, the procedure to compute the trace formula is to describe L G / Γ in terms of the left 158 PAUL F. RINGSETH regular representation of L 2 (G n /Γ n ;χ n ), where the pair (G n> Γ n ) is canonically constructed from (G, Γ) and does possess Eisenstein series. It should be noted that, in general, χ n will be non-trivial, even when χ = 1. This is carried out in §2.
Section 1 is comprised of summarizing the facts needed about the spectral decomposition of L 2 (G/Γ;χ) , in order to describe the integral kernel of L^Jγ in terms of Eisenstein series.
A new type of truncation operator, due to Mϋller is introduced in §3 and the effect of truncating the kernels is computed (cf. [MU1] ).
The trace formula presented in §4 follows the work of Osborne and Warner in [OW2] and uses the truncation operator of Mϋller to simplify the Dini calculus.
I would like to thank Osborne and Warner for suggesting this problem and for the substantial help they gave me in completing the spectral decomposition of L 2 (G/T\χ).
Preliminaries.
(1) Let G be a reductive Lie group of the HarishChandra class; let Γ be a nonuniform lattice in G. Assume that the pair satisfies the assumption spelled out on page 62 of [OW1] or equivalently the assumption on page 16 of [L2] . Let (χ, V) where the real part of Λ is restricted to lie in some sector of d^* to facilitate convergence. The Eisenstein series possesses a meromorphic continuation to all of d^* ® C.
The induced representations also make an appearance in this setting. One has a natural representation {&p,A P ) of P on Let a e Q°(G; A")-then
Let g] and ffj be G-conjugacy classes occurring in 8"-then there is a canonical intertwining operator «/:w:A/) (weW(β),«;-)). 
where / = rank(^), r is the number of G-conjugacy classes in g 7 and *(g 
The spectral decomposition for groups without Eisenstein series.
(1) Recall that the pair (G, Γ) has been subject to a certain assumption. Let us make this assumption precise. Put Z = analytic subgroup of G corresponding to the center of g, G c = analytic subgroup of G corresponding to the compact ideals of Q, G,Γ) to be the collection of split parabolic subgroups of G obtained by pulling back to G the percuspidal subgroups of Γ n in G n (cf. p. 37of [OWl] ).
Assumption. E(G,Γ) comprises all Γ-percuspidal subgroups of G.
This assumption is entirely equivalent to the condition imposed by (2) Henceforth we shall drop the assumption on ((/,Γ). It is not known whether a satisfactory theory of Eisenstein series exists for the pair (G, Γ). However (G n , Γ n ) always possesses Eisenstein series. This fact is crucial for applications to the trace formula of the spectral decomposition that follows. There does not seem to be any reasonable way to incorporate n^ into the trace formula when (G, Γ) does not possess Eisenstein series. In order to overcome this obstacle, an assumption shall be placed on G, which is satisfied by all connected groups. Assume that G n embeds in G in such a way that
is discrete, and
More generally, assume that (G, Γ) satisfies the following
where Γ 2 is contained in G^ and G\ is a product of groups satisfying the assumption of §2.1 and groups G' for which G' n embeds in G' as described above.
be the canonical isomorphism. Let χ n be the left regular representation of
(4) We shall now explicate the trace formula that arises from the decomposition (2.3), the situation in the case of (2.2) being entirely analogous.
Let a e Q°°(G). Put
Then a(U c ) belongs to C™{G n ), by the Schwarz kernel theorem (cf. Appendix 2.2 to Vol. I of [Wl] ). Let LJ?**? denote the left regular representation of G n on (1) Assume that (G, Γ) satisfies the assumption of §2.1. Let ^(Γ) be the set of all Γ-cuspidal subgroups of G. Give α^(p) the obvious definition. There is a natural order "<" on α^( Γ ) that need not be specified until the applications. Let H e α^( Γ ) and / e )-t ' ien ^e truncation operator Q n is defined by
where χp : ] is the characteristic function of the positive cone of P. In order to state the salient properties of Q H , a few facts need to be recalled. Let P be a fixed Γ-percuspidal subgroup of G. Let Here, Σ^ is the set of simple roots determined by P. It follows from Lemma 2.11 of [OW1] that t 0 , ω f o t and $ = {JC/ : 1 < / < r} c K can be chosen so that = β /0iω s Γ, Let us summarize the properties of the truncation operator that are of the most use. 
Set
The partial truncation operator Q N is defined by
where H o is a fixed element of α^( Γ ) that is sufficiently negative in a sense yet to be made precise.
(3) Specialize now to the case that G is of Γ-rank 1 (i.e. the Γ-percuspidal subgroups of G are of rank one), a^^ can be identified with Π/=i α / We shall restrict to the diagonal determined by s and identify it with α. For H e α, set t H = e α(//) (Σ$> = {α}). Choose H o ea such that ί// 0 < o t-then it follows from (3.1) that for t H < 0 / andx e6, 0 , ω s,
x<έβ tHof(ύ 'S. Using this formulation the following theorem is easily seen to be true. 
Therefore tmc^Qf 1 K a (x f x)) and \r?iCt (QHQϊf K a (x, x) ) have the same integral, which, by a similar argument, coincides with the integral of \r?iCQ{Q2 K Q (x, x) ). Proceeding in the same manner, it is easily seen that
is equal to the sum of [W3] ). However, if G is Γ-rank 1, then Donnelly has answered this question in the affirmative. If G is real rank 1 and δ e K, then it follows from the spectral decomposition of Langlands that the ^-isotypic component of is finite dimensional. (Here the assumption of §2 is needed.) This observation combined with the remark supra implies the traceability of L^Γ(a) directly. If G is Γ-rank 0, i.e. Γ is cocompact in G, then
so that L G /γ{a) (a e ^X{G)) itself is of the trace class.
(5) For the remainder of the paper the pair (G, Γ) shall be of Γ-rank 1 and satisfy the assumption of §2.1. Observe that there are only two G-conjugacy classes of Γ-cuspidal parabolic subgroups of G; viz., {G} andg".
Let a be an element of C™(G;K). Then the results of Donnelly (cf. [Dl] ) imply that is of the trace class. Since in the strong operator topology on L 2 (G/Γ;χ), it follows immediately
Given a positive integer TV, let
Denote by 
The plan of attack is to send H -> -oo first and send N -+ oo second.
We shall need the following fact from reduction theory. Let C be a compact subset of G. Assume, without loss of generality, that
Hence, for all 0 < t < ε,
which, in view of (3.1), implies γ eTf)P.
Let x G &t Ho , ω {H o < 0)-then a consequence of the calculation supra is the following. is the orthogonal projection. The notation is poor because a is being used to denote both a simple root and a function. There should be no ambiguity. Whence, Weierstrass' theorem on conditional convergence implies that the sum in (4.15) converges absolutely.
(4) Denote by T Ho (a) the sum of (4.13) and (4.14)-then T Ho and (4.16) extend to distributions on C C°°( (J). Thus (4.15) must be a distribution on C£°(G;K). If it could be shown that there are constants C and L (C > 0), independent of δ and ^, such that 
